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Abstract 

Consider a homeomorphism h of the closed annulus SS^ x [0, 1], isotopic to the 
identity, such that the rotation set of h is reduced to a single irrational number a 
(we say that h is an irrational pseudo-rotation). For every positive integer n, we 
prove that there exists a simple arc 7 joining one of the boundary component of the 
annulus to the other one, such that 7 is disjoint from its n first iterates under h. 
As a corollary, we obtain that the rigid rotation of angle a can be approximated 
by homeomorphisms conjugate to h. The first result stated above is an analog of a 
theorem of J. Kwapisz dealing with diffeomorphisms of the two-torus; we give some 
new, purely two-dimensional, proofs, that work both for the annulus and for the torus 
case. 

AMS classification 37E45, 37E30. 

1 Introduction 

The concept of rotation number was introduced by H. Poincare to study the dynamics 
of circle homeomorphisms (in the context of torus flows, see [Uj, chapitre XV). More 
precisely, for every orientation-preserving homeomorphism h of the circle SS^ = M/Z, 
Poincare defined an element of SS^, measuring the "asymptotic speed of rotation of the 
orbits of h around the circle" : the so-called rotation number of h. The central question in 
this theory is: how much does the dynamics of an orientation-preserving homeomorphism 
of the circle of rotation number a look like the dynamics of a rigid rotation i?^? The 
classical results obtained by Poincare and A. Denjoy (|2j) provide a quite comprehensive 
list of answers to this question: 

• If a = p/q (where p,q are relatively prime integers), then h has at least one periodic 
orbit, all the periodic orbits of h have prime period q, and the cyclic order of the points 
of any periodic orbit of h is the same as the cyclic order of the points of an orbit of the 
rotation Ra- If a is irrational, then h does not have any periodic orbit, and the cyclic 
order of the points of any orbit of h is the same as the cyclic order of the points of an 
orbit of the rotation Rn . 
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• If a is irrational, then h is semi-conjugate to the rotation Ra, moreover, h is in the 
closure of the conjugacy class of the rotation R^, and Ra is in the closure of the conjugacy 
class of h {i.e. h can be conjugated to a homeomorphism arbitrarily close to the rotation 
Ra, and the rotation R^ can be conjugated to a homeomorphism arbitrarily close to h). 

• If a is irrational and h is a C^-diffeomorphism, then h is conjugate to the rotation Ra. 

Poincare's construction of the rotation number can be generalized for homeomorphisms 
of the closed annulus A := SS^ x [0, 1]. More precisely, for every homeomorphism h of the 
closed annulus A which is isotopic to the identity, the rotation set of h is & closed interval 
of M, ^ defined up to the addition of an integer, which measures the asymptotic speeds of 
rotation of the orbits of h around the annulus (see section [22)) . In the present article, we 
focus on homeomorphisms whose rotation set is a "small" interval. In particular, we call 
irrational pseudo-rotation every homeomorphism of the closed annulus A, isotopic to the 
identity, whose rotation set is reduced to a single irrational number a (and we say that a 
is the angle of the pseudo-rotation). In this context, the natural question is: how much 
does the dynamics of an irrational pseudo-rotation of angle a look like the dynamics of 
the rigid rotation of angle a? The aim of the present article is to give some partial answer 
to this question. 

We define an essential simple arc in the annulus A as a simple arc in A joining one 
of the boundary components of A to the other one. We shall prove the following theorem 
(which is a variation on a result of J. Kwapisz, dealing with torus diffeomorphisms, see 

my- 

Theorem 1.1. Let h : A ^ A be an irrational pseudo-rotation of angle a. Then, for 
every positive integer n, there exists an essential simple arc 7„ in A, such that the arcs 
. . . , /i"(7„) are pairwise disjoint. Moreover, the cyclic order of these arcs is the same 
as the cyclic order of the n first iterates of a vertical segment {6} x [0, 1] under the rigid 
rotation of angle a. 

Actually, theorem 11.11 will appear as a corollary of a more technical statement, con- 
cerning the homeomorphisms of the annulus whose rotation set is a "small" interval (more 
precisely, a Farey interval, see theorem 12. 2j) . 

Theorem 11.11 can be considered as a two-dimensional version of the above mentioned 
result concerning the cyclic order for circle homeomorphisms. Nevertheless, the situation 
is quite more complicated than in the circle. For example, it is should be noticed that 
the statement of theorem 11.11 is optimal in the sense that it is impossible to make the 
arc 7„ independent of n. More precisely, M. Herman has constructed a C°° irrational 
pseudo-rotation h of the closed annulus A which is not conjugate to a rigid rotation ; it 
is not difficult to see that no essential simple arc is disjoint of all its iterates under h (see 
HI and 0). 

As we have already said, theorem 11.11 is a variation of an analog result of Kwapisz, 
dealing with diffeomorphisms of the torus T^. The true aim of our article is not to 
adapt Kwapisz's proof to the case of annulus homeomorphisms, but rather to provide 
some completely different and (in our opinion) more natural proofs. Indeed, in his proof, 
Kwapisz introduces the suspension of the diffeomorphism under consideration, and uses 
some 3-dimensional topology techniques to find the wanted curve as the intersection of 

^Contrary to what happens in the case of the circle, two different orbits of a homeomorphism of the 
annulus might have different "asymptotic speeds of rotation" . 
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two cross-sections of this suspension. The two proofs of theorem 11.11 that we give in the 
present article are purely two-dimensional, and only involve some classical manipulations 
on arcs. By the way, these proofs also work in the torus case (see appendix IB]). 

As a corollary of theorem II. H we obtain the following result^: 

Corollary 1.2. Let h : A ^ A be an irrational pseudo-rotation of angle a. Then the rigid 
rotation of angle a is in the closure of the conjugacy class of h. 

In other words, any irrational pseudo-rotation can be conjugated to obtain a homeo- 
morphism which is arbitrarily close to a rigid rotation. Nevertheless, we point out that 
we do not know if the converse is true, namely, if any irrational pseudo-rotation of angle 
a is in the closure of the conjugacy class of the rotation R^. 

Corollarv 11.21 was motivated by the situation on the two-torus. Indeed, an analog of 
corollarv 11.21 holds on the two-torus; it is actually an immediate consequence of another 
theorem by Kwapisz, called the tiling theorem (see |E31)- The tiling theorem asserts roughly 
that if the rotation set of a two-torus diffeomorphism h is reduced to a single irrational 
point, then for any n, one can find a finite tiling, which is almost invariant under h (there 
are only three tiles whose images do not fit in with the tiling) , and such that the restriction 
of h to the 1-skeleton is conjugate to the restriction of the corresponding rigid rotation to 
the 1-skeleton of a similar tiling. In the case of the annulus, theorem 11.11 also provides a 
kind of almost invariant tiling of the annulus. Nevertheless, corollary 11.21 is a little more 
difficult to derive in the annulus case because, unlike what happens in the torus setting, 
the diameter of the tiles of the corresponding tiling for the rigid rotation does not go to 
zero when the number of tiles increase. 

Finally, it is interesting to associate theorem 11.11 with some generalizations of the 
Poincare-Birkhoff theorem obtained by J.Franks ( 4 ) or C.Bonatti and L. Guillou ([HI)- 
Let us recall the result of Bonatti and Guillou. It deals with homeomorphisms h of the 
closed annulus A that are isotopic to the identity, and claims that if h is fixed point free, 
then either there exists an essential simple arc in A that is disjoint from its image under 
h, or there exists a non-homotopically trivial simple closed curve in A which is disjoint 
from its image under h. In particular, it implies that if h preserves the Lebesgue measure 
and has no periodic point, then h is an irrational pseudo-rotation. Putting the quoted 
result together with theorem ll.il we obtain the following corollary: 

Corollary 1.3. Let h he a homeomorphism of the annulus A, which is isotopic to the 
identity, and which does not have any periodic point. Then: 

(i) either there exists a non-homotopically trivial simple closed curve in A, which is disjoint 
from its image under h, 

(ii) or h is an irrational pseudo-rotation, and, for every positive integer n, there exists an 
essential simple arc 7„ in A, such that the arcs 7„, h{'yn), ■ ■ ■ , h^iln) (i,re pairwise disjoint. 

In a forthcoming paper, we shall prove some analogs of theorem ll.il corollaries 11.21 and 
11.31 for homeomorphisms of the open annulus S/S^xJO, 1[. Some completely different (and 
more sophisticated) proofs are needed. All the difficulty arise from the lack of compacity 
of the open annulus, which forces to change the definition of the rotation set (in particular, 
one has to restrict to measure-preserving homeomorphisms). 

^It might be interesting to notice that corollarv 1 1.2 1 is actually equivalent to theorem ll.il 
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2 Definitions and precise statement 

2.1 Notations 

In this paper, we denote by A the closed annulus SS^ x [0, 1], and by A := M x^[0, 1] the 
universal covering of A. Moreover, we denote by vr the canonical projection of A onto A, 
and by T : A ^ A the translation defined hy T : {e,t) ^ {9 + l,t). 

Of course, the translation T is a generator of the automorphism group of the projection 
vr : A — > A. We observe that if /i is a homeomorphism of the annulus A which is isotopic 
to the identity, and if /i is a lift of h to the band A, then h commutes with the covering 
translation T. Conversely, every homeomorphism of A which is isotopic to the identity 
and which commutes with T is the lift of a homeomorphism of the annulus A isotopic to 
the identity. For every a G M, we denote by Ra : (0, t) i-^ (6* + a, t) the rigid rotation 
of angle a in the annulus A. Finally, we denote by pi : A = M x [0, 1] — > M be the first 
coordinate projection. 

2.2 The rotation set of a homeomorphism of the annulus A 

Let h he a homeomorphism of the bounded annulus A which is isotopic to the identity, 
and h : A A he a lift of h. We define the n^^ displacement set of h to be the set 



Then a real number v is called a rotation vector if it is the limit of a sequence {vnf.)k>o 
such that each Vnf, belongs to the n^^ displacement set of h, where the sequence (n^) tends 
to +00. The rotation set of h is the set Kot{h) of all rotation vectors. It is easy to see 
that the sets Dn{h) and Rot(/i) are compact intervals. This definition of the rotation set 
of h is the analog of a definition given by Misiurewicz and Zieman in ^3] in the case of 
torus homeomorphisms. 

Let us recall briefly an alternative definition that follows an idea of S. Schwartzman 
|16j . If fj, is an invariant measure for h, the rotation vector of fi is 



where D is any fundamental domain of the covering A (for example D = [0, l[x[0, 1]). If 
fj, is ergodic, then the ergodic theorem implies that the rotation number of /i is realized, 
in the following strong sense: there exists a point x such that 



One can deduce from this that the rotation set of h coincides with the set of rotation vectors 
of all invariant measures, and that the endpoints of the interval Rot(/i) are realized in the 
sense defined above. ^ ^ 

For any integers p,q, the map h'' o T^P is a lift of h"^. Using the fact that h and T 
commute, we have the following easy property: 





lim 



pi{h'^(x)) -pi{x) 



= V. 



n 
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Lemma 2.1. For any couple {p,q) of integers, the rotation set of h"^ oT ^ is given by 

Rot(/i« o T-P) = qx Rot(h) - p. 

In particular, the rotation sets of two different lifts differ by an integer, so that the 
rotation set of h is well defined as an interval of M modulo Z (formally, we can see it as an 
element of quotiented by the action of (f i , ^2) i-^ (vi + 1, W2 + !))• It is an invariant with 
respect to the conjugacy by the homeomorphisms of A that are isotopic to the identity. 

2.3 Cyclic order on the circle and the annulus 

The natural orientation of M induces an orientation on the circle SS^ = M/Z. Given three 
distinct points pi,P2,P3 on SS^, we will say that the triplet {pi,P2,P3) is positive if the 
point p2 is crossed when going from pi to ps in the positive way. 

A simple arc 7 : [0,1] ^ A is called an essential simple arc if 7 joins one of the 
boundary components of A to the other, and if 7(]0, 1[) is included in the interior of A. 
We define similarly the notion of essential simple arc in the band A. Similarly to the cyclic 
order for distinct points on the circle, we define a cyclic order on triplets of essential simple 
arcs in A that are pairwise disjoint. Note that this can be done simply by considering 
the endpoints of the three arcs on one of the boundary components. We will also use the 
(related) total order on sets of pairwise disjoint essential simple arcs in A. 

2.4 Farey intervals 

In this article, all the rational numbers | (with p £ Z and (7 G N \ {0}) will be written as 
an irreducible fraction. A Farey interval is an interval ]|, of M with rational endpoints, 
such that p'q — pq' = 1 (which amounts to saying that the length of the interval is ^). 
Some elementary properties of Farey intervals are used in sections [31 and ^ and proved in 
appendix 

2.5 Precise statement of the theorem 

Theorem 2.2. Let h : A ^ A be a homeomorphism isotopic to the identity, and let 
/i : A — > A 6e a lift of h. Assume that the rotation set of h is included in a Farey interval 
]^,^[- Then there exists an essential simple arc 7 in the annulus A such that the arcs 

7, h{'~f), . . . , h^^'^ ^""^(7) o,re pairwise disjoint. Moreover the cyclic order of these arcs in A 
is the same as the cyclic order of the first n iterates of a vertical segment under any rigid 
rotation of angle |i ^7 [• 

The statement on cyclic order means that for any ki,k2,k^ S {0, . . . , g + g' — 1}, one 
has the equivalence 

(/i'^^ (7), /i'^^ (7), /i'^^ (7)) is positive ^ {kia,k2a,k3a) is positive 

where the numbers kia are considered as elements of the circle M/Z. 

The result announced in the introduction ftheorem lLlj) follows directly from this new 
one, by noting that given any irrational number a, one can find a Farey interval ] |, [ 
containing a with q + q' arbitrarily big. 
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2.6 A basic property 

Lemma 2.3. Suppose that the rotation set of h is included in ]0, +oo[, and choose a real 
number p such that < p < inf(Rot(/i)). Then there exists a real number s such that for 
every x in A, for every positive integer n, 

pi(hJ'{x))>pi{x) + pn-s. (1) 

The proof is easy, and left to the reader. We shah use the following consequence of this 
lemma: under the hypotheses of lemma \2.^ for every compact subset K of A and every 
So > 0, there exists no > such that for all n > uq, h'^{K) C [s^, +oo[x [0, 1]. 

Remark 2.4. Another consequence is that, under the hypotheses of lemm,a \2.S[. the quo- 
tient space A/h is separated. Using the classification of surfaces, one can see that A/h 
is necessarily homeomorphic to a closed annulus, which implies that h is conjugate to a 
translation. We shall not need this fact. 

3 First proof of the main theorem 

Two proofs of theorem 12.21 will be given, the first one in this section and the second one 
in the following section. These sections can be read in any order. 

The first proof uses two kinds of ingredients: some elementary arithmetical properties 
of Farey intervals, and some (classical) operations on essential simple arcs in the band A. 

3.1 Some more notations 

For every essential simple arc F in the band A, we denote by i?(F) the closure of the 
connected component of A \ F which is "on the right" of the arc F. 

Given an essential simple arc F in A and a homeomorphism ^' : A — > A, we say that 
the set R{T) is an attractor (resp. a strict attractor) for \I' if the image of -R(F) under ^ 
is included in RiT) (resp. in the interior of i?(F)). Observe that if ^ is isotopic to the 
identity, we have i2(^'(F)) = ^(i?(F)), so that the set RiT) is a (strict) attractor for ^ if 
and only if the image of the arc F under ^ is included in (the interior of) RiT). 

3.2 Attractors for families of commuting homeomorphisms 

Theorem 12.21 will follow from elementary arithmetical properties of Farey intervals, and 
from the following proposition: 

Proposition 3.1. Let . . . be some homeomorphisms of the band A isotopic to the 
identity, pairwise commuting, and commuting with the translation T. Assume that the 
rotation set of each of these homeomorphisms is included in ]0,+oo[. Then there exists 
an essential simple arc F in A, such that the set R(T) is a strict attractor for each of the 
homeomorphisms ^i, . . . , ^p. 

We begin with a technical point which consists in describing an operation on essential 
simple arcs. This operation will be used intensively to construct the simple arc demanded 
by proposition 13.11 The proof of the following lemma is postponed to section 

Lemma and notation 3.2 (figure^. Let Fi and F2 be two essential simple arcs in A, 
and let U be the unique non-bounded connected component of the set (A \ i?(Fi)) n (A \ 
R(T2)). The boundary (in A) of U is an essential simple arc, that we denote by Fi VF2. 
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Ti V r2 (dashed line) r2 




Figure 1: Two essential simple arcs Ti and and the arc Fi V F2 

Remark 3.3. Let Fi and F2 be two essential simple arcs in A. The following properties 
are immediate consequences of the definition of the arc Fi V F2: 

(i) The arc Fi V F2 is included in the union of the arcs Fi and F2. 

(ii) The sets i?(Fi) and R{T2) are included in the set R{Ti V F2). 

Remark 3.4. The operation which maps two essential simple arcs Fi, F2 to the essential 
simple arc Fi V F2 is associative (and commutative). Therefore, given any finite number 
of essential simple arcs Fi, . . . , F„, the essential simple arc Fi V • • • V F„ is well-defined. 

Now we are in a position to prove proposition 13.11 

Proof of vror)osition \3.1{ We proceed by induction. For every k G we shall 

construct an essential simple arc F^ such that the set i?(Ffc) is a strict attractor for the 
homeomorphisms ^'i, . . . , ^'fc. 

Construction of the arc Fi. Let Fq be an essential simple arc in A. According to 
lemma there exists an integer N such that the arc ^'^^(Fo) is included in R{Tq). We 
consider the essential simple arc 

Fi :=FoV^'i(Fo) V--- V^f-i(Fo). 

By item (ii) of remark EHl the sets i?(Fo), . . . , i?(^'f "^(Fq)) are included in i?(Fi). More- 
over, by definition of the integer N , the set R^^iiJ^o)) is included in i?(Fo), and therefore 
it is also included in RiVi). In particular, the arcs Fq, . . . , ^'{^(Fo) are included in RiVi). 
On the other hand, by item (i) of remark YA.'M the arc Fi is included in the union of 
the arcs Fq, . . . , ^'^"^(Fo) ; therefore the arc ^'i(Fi) is included in the union of the arcs 
^i(Fo), . . . , ^'{^(Fo). Putting everything together, we obtain that the arc ^'i(Fi) is in- 
cluded in the set i?(Fi). Hence the set RiXi) is an attractor for the homeomorphism ^'i. 
It remains to perturb Fi in such a way that the set RiXi) becomes a strict attractor for 
^1 ; this is made possible by the following technical lemma : 

Lemma 3.5. Let ^ : A ^ A be a homeomorphism commuting with the translation T, 
such that the rotation set of ^ is included in ]0,+oo[. Suppose that we have found an 
essential simple arc F in A, such that R{T) is an attractor for ^. Then, arbitrarily close 
to T, there exists an essential simple arc F such that R{T) is a strict attractor for ^. 

This lemma is extracted from ( 5, part 5]) ; a (slight) variation on the proof of \^ is 
given in section 
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Induction step. Let k € {l,...,p — 1}. We assume that we have constructed an 
essential simple arc such that the set R{Tk) is a strict attractor for the homeomorphisms 
^1, . . . , By lemmaEni there exists an integer such that the arc ^k+ii^k) is included 
in R(Ti^). We consider the essential simple arc 

Tfc+i := Tfc V ^k+i{Tk) V • • • V ^-f+i^rfe). 

The same argument as in the construction of the arc Fi shows that the set R{rk+i) is an 
attractor for the homeomorphism ^k+i- Now, let j € {1, . . . , k}; we will check that the set 
R{Tk+i) is still a strict attractor for (this will essentially follow from the fact that 
commutes with ^k)- Firstly, by item (i) of remark 1531 the arc T^+i is included in the union 
of the arcs Tfc, . . . , ^k+ii^k)- Secondly, we observe that the sets R{Tk), • • • , Ri^^^'^iVk)) 
are strict attractors for the homeomorphism (this is because the set i?(Ffc) is a strict 
attractor for the homeomorphism ^j, and because the homeomorphisms and com- 
mute). Hence, for every j G {1, . . . , fc}, we have 

Af-l N-1 
^jiVk+i) C (j M',(^i_,i(rfc)) C U IntiRin+iC^k))) Clnt{R{Tk-,i)) 

i=0 1=0 

where the last inclusion comes from both items of remark I3..S1 So the set i?(Ffc+i) is 
a strict attractor for the homeomorphisms ^i, . . . ,^k- Then, using lemma ESI we can 
perturb the arc F^+i in such a way that the set i?(Ffc+i) becomes a strict attractor for 
the homeomorphism ^k+i- Provided that the perturbation is small enough, we keep the 
property that i?(Ffc+i) is a strict attractor for the homeomorphisms ^'i, . . . , ^'^ (being a 
strict attractor is an "open property"). This completes the proof of proposition 111 11 □ 

3.3 Proof of the theorem 

We now turn to the proof of the main theorem. It consists in applying proposition 13. II to 
a well-chosen family of homeomorphisms ^I'l, . . . , ^'g+g'. Each of these homeomorphisms 
will be obtained as the composition of a power of h and a power of T. 

Proof of theorem \2.^ Let p be any number in the Farey interval ] | , ^ [. According to 
section lA.il of the appendix, we have: 

• For every k £ {1, . . . ,q + q' — 1}, the number k.p is not an integer, so we may define 
the number Ok €]0, 1[ and the integer such that k.p = Uk + au] 

• the numbers ai, . . . , ag+q'„i are distinct, so we may consider the permutation a of 
the set {1, . . . , g -|- — 1}, such that 

< a{l).p - n^(i) < a{2).p - n^(2) <■■■ <a{q + q' - l).p - < 1; 

• the integers ni, . . . ,nq+g'_i and the permutation a actually do not depend on the 
choice of the number p in ] | , ^t- [. 

Then, for every k € {1, . . . , 9 + ?' — 1}, we consider the homeomorphism <I>fc := hF'^^') oT~'^^. 
Moreover, we set ^>o := Id and ^q+q' ■= T. Finally, for every /c G {1, . . . , g+g'}, we consider 
the homeomorphism •= ° ^k-i (^^^ figure It is clear that each commutes 
with the translation T, and that these homeomorphisms are pairwise commuting. 
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Letke{2,...,q + q' - 1}. We have = h"'-''^ o T-^-c^) o /i-'^('^-i) o T^-c^-D . Hence, 
according to lemma ITTl the rotation set of the homeomorphism ^'^ is: 

Rot(^'fc) = |(T(A;).p - n^(fc) - (cr(A; - l).p - n^(fc_i)) | p G Rot(7i) | . 

Since by assumption the set Rot(/i) is included in ]| , the definition of a implies that 
Rot(^fc) is included in ]0, +oo[. Similarly, we have: 

Rot(^'i) = |CT(l).p-n^(i) I pGRot(/i)}, 

Rot(^'5+g/) = |l - (cr(g + g' - l).p - n<^(g+,/_i)) | p G Rot(/i)| , 

and these sets are also included in ]0,+oo[. Consequently, the homeomorphisms 
^1, . . . , ^g+g' satisfy the hypotheses of proposition 13.11 So this proposition provides us 
with an essential simple arc F in the band A such that R{T) is a strict attractor for each 
of the homeomorphisms ^'i, . . . , ^g+g'- Let 7 be the projection in the annulus A of the 
arc r. It is an essential arc in the annulus A ; let us prove that it is simple. To see this, 
we observe that the translation T is equal to the telescopic product ^q+q' o • ■ ■ o As a 
consequence, R{T) is a strict attractor for T. In particular, the arc T is disjoint from its 
image T, and 7 is a simple arc. 



r $i(r) $2(r) Mr) $,+,'-i(r) r(r) 




*1 ^'2 ^'3 

Figure 2: The arcs F, ^>i(F), . . . , $g+g/_i(F) and r(F) 



We are left to prove that the arcs 7, ^1(7), . . . , /i'?"'"'''~^(7) are pairwise disjoint. By 
construction of the arc F, we know that the set R(T) is a strict attractor for the homeo- 
morphism $1 = ^1; in other words, the arc $i(F) is strictly on the right of the arc F. For 
every k G {2, . . . ,q + q' — 1}, we know that the set i?(F) is a strict attractor for the home- 
omorphism since and ^k-i commute, this implies that the set <I>fc_i(-R(F)) is a 
strict attractor for the homeomorphism in other words, the arc ^k°^k-i(r)) = ^fc(F) 
is strictly on the right of the arc $fc-i(r). Similarly, the arc ^q+q' o $q_|_g/_i(F)) = T(F) 
is strictly on the right of the arc <I>g+q/_i(F) (see figure |2|. So we have proved that the 
arcs <I*i(F), . . . , $g+g'_i(F) are pairwise disjoint, and that all these arcs are strictly on the 
right of F and strictly on the left of T{T), i.e. are included in the set D := R{T)\R{T{T)). 
Since the set D is a fundamental domain for the covering map vr : A ^ A, this implies that 
the projections of the arcs F, <I>i(F), . . . , ^g^qi_i{T) are pairwise disjoint in the annulus A. 
Now we observe that, for every k, the homeomorphism <I>fc is, by definition, a lift of the 
homeomorphism h'^^^^; in particular, the projection of the arc $A;(r) is the arc h'^^^\'j). 
Hence, we have proved that the arcs 7, /i'^*^^^(7), . . . , /i'^^'^"'"'^'~^^(7) are pairwise disjoint. 
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Since cr is a permutation, this is equivalent to the fact that the arcs 7, /i(7), . . . , h'^^'^' ^(7) 
are pairwise disjoint. □ 

3.4 Proof of the perturbation lemma 

Proof of lemma [Ql According to lemma l2?3l there exists a positive integer such that 
the arc \I'^(r) is included in the interior of -R(r), i.e. such that RiT) is a strict attractor 
for the homeomorphism . If A = 1, then we can set F := F. Hence lemma follows 
of sublemma 13.61 below by induction on N. □ 

Sublemma 3.6. Let ^ : A ^ A be a homeomorphism isotopic to the identity. Suppose 
that we have found an essential simple arc T in A and an integer n > 2, such that R{T) 
is an attractor for ^' and a strict attractor for Then, arbitrarily close to the arc F, 
there exists an essential simple arc T' such that R{T') is an attractor for ^ and a strict 
attractor for 

Proof. By Schoenflies theorem (Q), there exists a homeomorphism G of the band A, 
isotopic to the identity, which maps the arc T on the vertical segment {0} x [0,1]. So, 
up to replacing F by G(F) and ^' by G o ^1/ o G^^, we may assume that F is the vertical 
segment {0} x [0, 1]. 

Let us consider the compact set K := ^'""^(F) n F. We have ^{K) C *"'(F) C 
Int(-R(F)) (since R{T) is a strict attractor for ^'"). Hence we can find a neighbourhood V 
of K such that ^'(1^) C Int(i?(F)). Moreover, since F is the vertical segment {0} x [0, 1], 
we can choose the neighbourhood V such that y H F is made of a finite number of subarcs 
Ai, . . . , Ap of the arc F. We construct an essential simple arc F' as follows: starting with 
the arc F, we replace each subarc Aj by an arc A^, which has the same ends as Aj, which 
is included in V, and whose interior is disjoint from R{T) (see figure OJ. Observe that, by 
construction, we have F' C F U y, R{T) C ^(F'), K C ^(F'), and F' is arbitrarily close to 
F. 

We have to prove first that the set -R(F') is an attractor for i.e. that the arc ^'(F') 
is included in R{T'). For that purpose, we recall that the arc F' is included in F U y, that 
the arc ^'(F) is included in R{T), that V was chosen in such a way that ^{V) is included 
in the interior of R{T), and that R{T) is included in R{T'). Hence we have 

^'(F') c ^(F) u ^(y) c R{r) c R{r') 

i.e. the set -R(F') is an attractor for ^. 

Next we have to prove that the set R{T') is a strict attractor for 'if^~^. For that 
purpose, we first recall that ^(V) is included in the interior of R{T). Since R{T) is 
an attractor for 5', this implies that the set ^"^"^(V) is also included in the interior 
of R{r). Now, we write ^'""^(F) = (^'"-^(F) \ i^) U K. On the one hand, we have 
^'"-i(F) \K C ^'"-i(F) \ F C R{T) \ F = Int(i?(F)) (the first inclusion follows from the 
definition of K, and the second inclusion follows from the fact that -R(F) is an attractor 
for ^). On the other hand, we recall that the set K is included in the interior of -R(F') 
(by construction of the arc F'). Hence, we have 

c ^'"~i(y) u (^'"-Hr) \K) UK 

C Int(i?(F)) U Int(i?(F)) U Int(ii(F')) C Int(ii(F')). 
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In other words, the set R{T') is a strict attractor for ^I*" ^. This completes the proof of 
sublemma l3.6l □ 




Figure 3: Construction of the arc T' in sublemma 13.61 



3.5 Proof of lemma lOl 

The proof of lemma 13.21 relies heavily on the following classical result of Kerejarto (see 
[H], or ^1 page 246] for a modern proof): let Ui and U2 be two Jordan domains in the 
two-sphere, that is, connected open sets whose boundary is homeomorphic to the circle ; 
then each connected component of Ui fl U2 is also a Jordan domain. 

Proof of lemma \3.S\ Under the hypotheses of the lemma, let F denote the boundary of U 
in A. We have to prove that F is an essential simple arc. For that purpose, we see the 
band A = M x [0, 1] as a subset M^, and we see the two-sphere SS"^ = U {00} as the 
one-point compactification of M'^. Then Kerejarto's result stated above implies that U is 
a Jordan domain in SS"^. In particular, F is included in a Jordan curve of SS"^ (passing 
through the point oo). From this it follows easily that F is an essential simple arc. □ 

4 Alternative proof 

This section is devoted to a second proof of the "arc translation theorem" 12.21 It can 
be considered as a variation on the first proof given in the previous section. We use two 
independent arguments. The first one is a purely arithmetic argument, and tells that it 
is enough to find an essential simple arc which is disjoint from its images under the two 
"first-return maps" = T^^ o h'^ and ^2 = ° ^ • The second argument goes the 
following way. Suppose we are given a family of k pairwise commuting maps, and consider 
sequences obtained by starting with any point in the closed band A and iterating each 
time by one of the maps of the family (that is, we are considering a positive orbit of the 
Z'^-action generated by the family). We prove that if the rotation sets of the k maps are 
all positive, then all the sequences obtained this way have a universally bounded leftward 
displacement (actually, the proof is given only for k = 2, since we have the arithmetic 
argument in mind). Moreover, by continuity, this remains true if we consider pseudo- 
orbits, i. e. if a little "jump" (or "error") takes place at each step. Then we construct 
the essential simple arc F using a brick decomposition. This is a sort of triangulation 
which produces attractors in an automatic way, as far as the behaviour of pseudo-orbits 
is controlled. Brick decompositions were introduced by Flucher (0). They have been 
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used by P. Le Calvez and A. Sauzet in order to prove the existence of attractors 

for Brouwer homeomorphisms. In this text, we only need the easy version, without the 
maximahty property introduced by A. Sauzet (P^). 

4.1 Structure of the proof 

When Fi and r2 are two disjoint essential simple arcs in A, there are two possibihties: 

- either r2 is "on the right" of Fi and we write Fi < F2, 

- or Fi is "on the right" of F2 and we write F2 < Fi. 
In the appendix we shall prove the following result. 

Proposition 4.1. Let h be the lift to A of some annulus homeomorphism h which is 
isotopic to the identity and let T C A be some essential simple arc in A. Assume that 
there exists a Farey interval ] | , ^7 [ such that 

T-P' oWiT) <T < T~P ohi(T), 
Then, the following properties hold: 

1. the arcs T^^ o h^{T), with k G {0, . . . , g + g' — 1} and ^ G Z, are pairwise disjoint; 

2. these arcs are ordered in A as the lifts of the q + q' — 1 first iterates of a vertical 
segment in A under the rotation Ra for any a &]^,^[- More precisely: given two 
pairs of integers {k, i) and {k', I') in {0, . . . , q + q' — 1} x "L, we have 

T-^ o y'{T) < T-^' o /^'^'(F) ^ka-l<k'a-l'. 

Remark 4.2. In particular, the arc F is disjoint from the arc T^(F) for any £ G Z. Thus 
7 = 7r(F) is an essential simple arc in A, disjoint from its q + q' — 1 first iterates under 
h. Moreover, the cyclic order of the arcs 7, /i(7),... ,/i'?+9'-^(7) is the same as the cyclic 
order of the iterates of a vertical segment under the rotation of angle a, for any a in the 
Farey interval I = |, ^7 

The above proposition will be combined with the following one. 

Proposition 4.3. Let ^i, $2 he two homeomorphisms of A, isotopic to the identity, 
which commute and commute with the translation T, and whose rotation sets are included 
in ]0, +(X)[. Then there exists an essential simple arc F which is disjoint from its images 
$i(F) and $2(r). 

Now we explain how theorem 12.21 follows from these propositions. Then the remaining 
of the section will be devoted to the proof of proposition 14.31 

Alternative proof of theorem, \2.'A assuming propositions \4 -11 an d\4-!^ Let h be as in theo- 
rem 12.21 We consider the two "return maps" 

$1 := T-P o h" and ^>2 := TP o h-" . 
According to lemma l2?Tl the rotation sets of both maps are included in ]0, -|-oo[. So we 
can apply proposition and we get a curve F which does not meet its images *I'i(F) and 
$2(r)- Then, since the rotation sets are positive, the order of the curves must be such 
that $^^(F) < F < ^*i(F) (this also follows from the proof of proposition 14. Now we 
can apply proposition 14.11 Letting 7 be the projection of F to the annulus A, it follows 
that the arcs 7, h^j), . . . , "^(7) are pairwise disjoint. By remark r4.2l the cyclic order 
of these arcs is the same as the cyclic order of the iterates of a vertical segment under the 
rigid rotation. This concludes the proof of the theorem. □ 
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4.2 Pseudo-orbits for commuting homeomorphisms of positive rotation 

sets 



During the whole section, we consider two homeomorphisms $1, ^2 of A which commute 
and commute with the translation T, and we make the assumption that both rotation sets 
of and <I>2 are included in ]0, +oo[. 

A sequence {xn)n>Q of points in A is called a ($1, ^>2)-or&ii if for all n, we have 
Xn+i = or $2(iCn)- Let d denote the Euclidean distance on A = R x [0, 1] and e a 

positive real number. An ^2)-pseudo-orbit is a sequence {xn)n>Q of points in A such 

that for all n, d($i(x„), < e or d{^2{xn), Xn+i) < £• The main result that makes 

this definition useful is that we can choose e > such that the leftward displacement of 
any e-{^i, <I>2)-pseudo-orbit is universally bounded: 

Proposition 4.4. There exist e > and M > such that for any e-($i, ^2)-pseudo-orbit 
{xn)n>o, for any n>0, 

Piixn) > Piixo) - M. 

To prove this proposition, we use lemma below which bounds the leftward displace- 
ment of the e-(<l>i, <l>2)-pseudo-orbits over long periods. First, we prove a version of this 
lemma for (<l>i, <I>2)-orbits: 

Lemma 4.5. There exists an integer N > with the following property. For each couple 
of non-negative integers {Ni,N2) such that Ni + N2 > N, for every point x in A, 

pi(«>f^$f (x)) >pi(x) + 2. 



Proof of lemma \4-5\ Applying lemma 12^ twice, we find numbers p,s satisfying the in- 
equality of this lemma for both $1 and $2 (and for every point x and every 
positive integer n). Take a couple of non-negative integers (Ni,N2)- Then writing 
pi($f^^$^2(x)) -pi(x) as the sum 



($^^(x))) -pi($^^(x))J + [piK^(x)) -pi(x) 

we see that this quantity is greater than p{Ni + N2) — 2s. We conclude that any integer 
N such that pN — 2s > 2 will satisfy the conclusion of the lemma. □ 

Let us tackle the case of e-(<^*i, <I>2)-pseudo-orbits: 

Lemma 4.6. There exist an integer N > and a constant e > with the following 
property. For every £-($1, ^2) -pseudo- orbit (xq, . . . , xat) of length N , 

Pi{xn) > Piixo) + 1. 

Proof of lemma \J^ Let N be the integer given by lemma We shall say that an e- 
(<I>i, <l'2)-pseudo-orbit (xq, . . . , Xjv) of length is of type a, where a E {1, 2}^, if for every 
n G {0, . . . , A^ — 1} we have d(xn+i, ^'o-„+i (a^n)) < £• Since the set {1,2}^ is finite, it is 
sufficient to prove the lemma for each type a. In the remainder of the proof, the type a 
of the pseudo-orbits is fixed. 

To prove the lemma we identify the tangent spaces T^A with the plane M^. Given a 
point xo in A and a finite sequence of vectors of the plane v = [vi, . . . ,vn), we define 
recursively 

Xi := ^aiixo) +Vl , ... , XN ■■= ^aNi^N-l) + VN- 
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The vectors Vi will be chosen in the compact unitary ball D of M^. Then we can consider 
the map 

: A X (D)^ — > M2 
(a;o,v) I — > XN- 

Clearly, the map is continuous. Since commutes with the deck transformation T 
(meaning that J^{T{xo),v) = T{J^{xo,v)), and since the quotient annulus A is compact, 
T is uniformly continuous. Therefore there exists e €]0, 1[ such that for every xq in A, 
for every sequence v = (vi, . . . ,vn) of vectors whose Euclidean norms are less than e, we 
have (i(jr(xo, v), jr(xo, (0))) < 1. We observe that : 

• for every e-(<5i, <I>2)-pseudo-orbit (xq, . . . , xat) of type a, xn can be expressed as 
.F(xo, v) for some sequence v = (vq, • • • , vn) with ||i;j|| < e ; 

• we have the equality J^{xq, (0)) = <I>crjv o • • • o (^^^{xq). 

As a consequence, for every e-(<l*i, <l>2)-pseudo-orbit (xq, • • • iXj^i) of length and type a, 
we have the following inequalities: 

Pi{xn) -Vi{xq) > Pli^aN O • • • O ^aiixo)) - Pl{xo) -1>2-1 = 1. 

(the latest inequality is a consequence of lemma 14.51 applied to the ($i, $2)-orbit 
(xo , . . . , <I>CTjv o • • • o ^ai{xo)); here is the place where we use the fact that $i 

and $2 commute). This gives the lemma. □ 

We end with the proof of proposition 14.41 

Proof of proposition \4-4\ Let N and e > be the integer and the constant given by 
lemmaEH For any e-(<l?i, <l>2)-pseudo-orbit (xq, . . . , xi) of length i < N we have, 

Pi{xi)>pi{xo)-N{e + s), (2) 

where s > is the bound given by lemma IT^ 

Let us now consider any positive integer n and any e-{^i, <I>2)-pseudo-orbit (xq, • • • , Xn) 
of length n. We decompose n as kN + I with A; > and £ € {0 . . . , — 1}. Lemma 14.61 
implies 

Pi{xkN) > Plixo) + k. 

By we get 

Pi{xe) > pi{xkN) - N{e + s). 
Putting all these inequalities together, one deduces 

Pl{Xn) - Pi{xq) = [Pl{Xn) " Pl{xkN)] + [Pl{xkN) " Pi{xq)] 

> -N{e + s). 

Hence, the proposition is proved for the constant M = N(e + s). □ 



14 



A 



Figure 4: A brick decomposition 
4.3 Brick decomposition 

We now turn to the proof of proposition I4.HI We consider a hrick decomposition of A, as 
shown on figure 21 Essentially, this amounts to taking an embedded triadic graph F in 
A {triadic meaning that each vertex belongs to exactly three edges). We demand that 
F contains the boundary of A. A hrick is defined to be the closure of a complementary 
domain of F in A ; it is a topological closed disk. The last requirement in the definition 
of F is the following key feature: every brick is of diameter less than the number e given 
by proposition 14.41 (for the Euclidean metric on A = SS^ x [0, 1]). 

Remark 4.7. Note that, since F is triadic, the topological boundary of the union of any 
family of bricks is a 1-submanifold in A, with boundary included in the boundary of A. 

A brick chain (from the brick Dq to the brick Di) is a sequence {Dq, . . . Di) of bricks 
in A such that <&i(Do) U <^2(^o) meets Di, . . . , $i(Dj_i) U $2(A-i) meets A- 

Take Eq = {0} x [0, 1] ; we can suppose that Fq is included in F (as on figure EJ). We 
define a subset ^ of A in the following way: 

- to any brick Dq, we associate the union 'D(Dq) of all the bricks D of the decomposition 
such that there exists a brick chain from Dq to D; 

- the set A is the union of all the sets T){Dq), where Dq ranges over the set of all the 
bricks lying on the right of the arc Eq (the brick Dq may meet Eq). 

Fact 4.8. The set A contains all the bricks on the right of Tq and is bounded to the left: 
there exists a constant M such that A is included in [—M, +oo[x[0, 1]. 

Proof. Indeed, if {Dq, . . . Di) is a brick chain, and x is any point in Di, then there exists an 
e-(^>i,$2)- pseudo-orbit (xn) such that xq is in Dq and Xi = x. Remember that e is given 
by proposition 14.41 let M be the other constant given by this proposition. Then we have 
Pi{xi) > Pi{xq) — M, so that if Dq is on the right of Tq, pi{xq) > 0, and Di is included 
in [—M, +oo[x[0, 1]. We conclude that A is included in [— M, +oo[x[0, 1]. The fact that 
A contains all the bricks on the right of Eq follows from the definition of A (considering 
chains made of only one brick). □ 

Fact 4.9. The set A is a strict attractor for <I>i and <1>2, i- e. 

$i(yl) C Int(A) and $2(^) C Int(A). 
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Proof. Indeed, let D be included in A. By definition, there exists a brick chain {Dq, . . . D) 
with Do on the right of Tq. Then for any brick D' meeting the sequence 

(Dq, . . . D, D') is again a brick chain, so D' is also included in A. Then the fact fol- 
lows from the remark that <I>i(D) is included in the interior of the union of the bricks that 
it meets (note that, to get a strict attractor, it is crucial that the bricks are defined to be 
closed). Of course, the same argument can be applied to the homeomorphism $2- D 

Consider the essential arc T "bounding A on the left" (see figure 0J); more precisely, 
using fact 14.81 and remark 14.71 this can be defined as the boundary of the connected 
component of A \ yl containing ] — oo, — M[x[0, 1]. From fact 14.91 it follows that F is 
disjoint from its images 'I'i(F) and <I>2(r). This ends the proof of proposition 14.31 

5 Closure of the conjugacy class of a pseudo-rotation: proof 
of corollary 11.21 

Using Poincare's classical results (see the introduction), one can easily prove that, for any 
orientation-preserving circle homeomorphism h of rotation number a, the rigid rotation of 
angle a is in the closure of the conjugacy class of h. In this section, we extend this result 
to irrational pseudo-rotations of the annulus, i.e. we prove coroUarv 11.21 

For every a S M, we denote by Tq, the rigid translation in the band A given by 
{6, t) ^ (9 + a, t). Of course, Tq is a lift of the rotation Ra. 

Corollarv 11.21 is an immediate consequence of the following proposition: 

Proposition 5.1. Let h : A ^ A be a homeomorphism that is isotopic to the identity 
and h : A ^ A be a lift of h. Suppose that the rotation set Rot(/i) is contained in some 
Farey interval Then for any a ^]^, ^[, there exists a homeomorphism a of A, 

isotopic to the identity, such that for any lift a of a to A, we have 

mm[q, q ) 

Proof of corollary \1. 'A assuming vrovosition \5.1l Let us consider an irrational pseudo- 
rotation h of angle a. Since a is irrational, it belongs to some Farey interval ]|, with q 
and q' arbitrarily large. Hence, by proposition^^ ^ is conjugate to some homeomorphism 
a o ho a^^ arbitrarily close to the rigid rotation Ra. □ 

The remainder of section El is devoted to the proof of proposition 15.11 Here is the 
idea of the proof. We begin by applying our main theorem 12.21 thus finding an essential 
simple arc 7 in A which is disjoint from its first q + q' — 1 iterates under h. Let 70 
be the vertical segment {0} x [0, 1] in A (then 70 is disjoint from all its iterates by the 
rotation Ra)- Since the cyclic order of the first iterates of 7 under h is the same as the 
cyclic order of the first iterates of 70 under R^, one can perform a first conjugacy, by a 
homeomorphism a a sending 7 on 70, so that ha := Ca o h o coincides with R^ on the 

iterates 70, Railo), ■ ■ ■ , Rot'^ ~^(7o) (first step of the proof). 

In the second step, we use the dynamical tiling generated by these arcs. More precisely, 
let us call D and D' the two tiles adjacent to the arc 70 in this tiling (see figure Ej). Since 
the q' — 1 first iterates of D under ha have mutually disjoint interiors, and since they 
coincide with the iterates under R^, we can conjugate ha by a homeomorphism supported 
by the union of these discs so that the conjuga-tcd lioinGomorphism coincidGS with. Rqi^ on 
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T-f'oT,«'(ro) To 



T-PoT^{To) 



A A 
Figure 5: The dynamical tilings in A and A (here ]|, |7[=]3/5, 2/3[) 



all these discs but the last one. We do the same on the iterates of D' . Now we notice 
that the q' — 1 first iterates of D, together with the q — 1 first iterates of D', cover the 
whole annulus. Thus the second step of the proof provides us with a homeomorphism 
(Tfe so that hh := (Jh o ha o cr^ coincides with Ra on the whole annulus except on the set 
Ri~^{D) U Rl'-^iD'), which happens to be the topological disc O' := R~^{D U D') (see 
figureini). Note that the interior of this disc O' is disjoint from its first s — 1 iterates, where 
s := min((7, q'). 

For the last step, we consider the difference homeomorphism g := R~^ o /i^ on the 
topological disc O' . A key lemma, dealing with disc homeomorphisms, allows us to write 
g as the composition of homeomorphisms gNr ' ' i5i of the disc O' which are e-close 
to the identity, the integer N depending on e hut not on g. We choose e so that N < s, 
hence the disc O' is disjoint from its first — 1 iterates, and we can make a last conjugacy 
(Tc that distributes the difference g on these iterates. Thus we get a homeomorphism 
he := (Tc o /ij o such that on O' and its first — 1 iterates, he coincides with the 
rotation R^ up to one of the homeomorphisms gk (and consequently is e-close to Ra), 
and such that he still exactly coincides with R^ everywhere else. Hence he satisfies the 
conclusion of proposition 15.11 

5.1 Preliminaries: decomposition of disc homeomorphisms 

We denote by B the unitary closed disc for the Euclidean metric of M?. We denote by 
Homeo'''(D) the set of homeomorphisms of the disc D isotopic to the identity, and by 
Homeo(B, 9D) the set of those that coincide with the identity on the boundary of B. We 
consider the usual distance d{h,h') = sup{d{h{x) , h' (x)) , x G B} on these sets. We will 
say that two homeomorphisms h, h' are e-close if d{h, h') < e. The aim of this subsection 
is to prove the following lemma and corollary: 

Lemma 5.2. For every e > 0, there exists E N such that every homeomorphism 
h € Homeo(B, 9B) can he written as a product h = Hn o ■ ■ ■ o hi of N homeomorphisms 
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in Homeo(B, 9D) which are e-close to the identity. Moreover, we can choose N less than 
1 + 4. 

Let ai,a2 be two disjoint closed arcs included in the boundary dO. We denote by 
Homeo(B, ai Ua2) the set of homeomorphisms of the disc D that coincide with the identity 
on ai U 02- 

Corollary 5.3. For every e > 0, there exists N £ N such that every homeomorphism 
h S Homeo(B, ai UQ2) can he written as a product h = h]\jo - ■ -ohi of N homeomorphisms 
in Homeo(B, ai L) 02) which are e-close to the identity. Moreover, we can choose N less 
than 1 + 5. 

Remark 5.4. Note that, under the conclusion of the lemma, for every k < N, the home- 
omorphism hk o o ■ ■ ■ o ho is e-close to the homeomorphism h^-i o ■ ■ ■ o hi. On the 
contrary, it is not true in general that the homeomorphism h^ o ■ ■ ■ o hk is e-close to the 
homeomorphism /i^ o • • • o h^+i- 

Proof of lemma \5.'A We fix a number e > and we consider a homeomorphism h G 
Homeo(B,9B). 

Step 1. We use Alexander's trick to prove that h can he written as a product h = h' o ho 
of two homeomorphisms /iq, h' G Homeo(B,9B), where ho is e-close to the identity, and 
where h' coincides with the identity on a neighhourhood of dD. 

First, we extend h on the whole plane M? by the identity on \B. Then for t g]0, 1], we 
consider the homeomorphism At £ Homeo(B, 9B) defined by At{x) = t.h{x/t) for every 
rc € B. Now we set h' := At^^ and /iq := A~[^ o h. It is easy to check that if t is close enough 
to 1 the desired properties are satisfied. 

Step 2. It remains to prove that the homeomorphism h' can he written as a product of n 
elements 0/ Homeo(B, 5B) which are e-close to the identity, with re < | + 3. 

Let (5 > be a number such that the homeomorphism h' coincides with the identity 
outside the Euclidean ball -6(0, 1 — 6). Let us consider now the radial homeomorphism 
gs^e in Homeo(B, (?B) given by 

95,e{x) = ip{\\x\\)x 

where the homeomorphism if of [0, 1] is defined on figure IHl The homeomorphism gs^e is e- 




1-6 

Figure 6: The function ip 
close to the identity. Now, let m be the integer in [|, | + We observe that ip"^{l — 5) < |. 
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Hence the homeomorphism maps the ball B{0,1 — 6) inside the ball -6(0, e), and thus 
the homeomorphism hi, = gj^^°h' o gj^ coincides with the identity outside the ball .6(0, |) 
(of center and radius |). In particular, the homeomorphism is £-close to the identity. 
So, writing 

h' = gJ^oh,ogf^^ , 

we obtain that h' is the product of n = 2m + 1 elements of Homeo(©, 50), all of which 
are e-close to the identity. Note that n < | + 3 as announced. □ 

Proof of corollary ] 5. 'A We fix a number e > and we consider a homeomorphism h € 
Homeo(D, ai U 02)- 

To begin with, note that every increasing homeomorphism of the interval [0, 1] can be 
written as a product of homeomorphisms that are e-close to the identity, with N < ^ + 1. 
From this we deduce that the same statement hold within the space Homeo(9B, ai U 02) 
of homeomorphism of the boundary circle 9B that are the identity on ai U Q2 (allowing 

< I + 1 because the diameter of this circle is 2 since we use the metric on 3D as a 
subset of the disc B). According to this we write 

h\do = Hn o ■ ■ ■ o Hi. 

Now consider the "circular extension mapping" <I>: using complex numbers notation, 

f Homeo((9B) — > Homeo(B) 
• \ Hi — > {h: re'^ ^ rH{e'^)) . 

Let h' := ^{Hn) o • • • o $(iJi), so that 

h = ^{Hn) o • • • o ^{Hi) o {h'~^ o h). 

In this formula each homeomorphism ^(H/.) is e-close to the identity (since the circular 
extension mapping $ is an isometry), and the homeomorphism h' ^ o h is the identity on 
the boundary dD (since ^ is an extension). Now we complete the proof by applying the 
previous lemma to the homeomorphism h'~^ oh. □ 

5.2 Proof of proposition 15. ll 

Let us fix a in ] I , ^7 [. We begin with some considerations on the rotation Ra ■ 

We consider the essential simple arcs Tq = {0} x [0, 1] in A, and 70 = vr(ro) in A. We 
consider the topological closed discs (see figure 

D := R{To)\lntiR{T-PoT^{To))) and D' := R{T-P' o {To)) \IntiR{To)). 

We set D = n{D) and D' = it{D'), and we consider the family of topological closed discs 

P={i?^(Z)) , fc = 0,...,g'-l}u{i?^'(Z)') , fc' = 0,...,g-l}. 

Lemma 5.5. The union of the discs in the family T) cover the annulus A, and their 
interiors are pairwise disjoint. 
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Proof. By lemma IX!T] of the appendix, no arc i?^(7o), with A; G {0, . . . , q+q' — l}, intersects 
the interior of D nor D'. Consequently, the discs of the family D have their interiors 
pairwise disjoint. 

Similarly, the arcs i?^(7o), with k G {0, . . . , g + g' — 1}, are pairwise disjoint. We 
observe that each of these arcs is contained in the boundary of exactly two elements of 
the family "D. This implies that the family D covers the annulus A. □ 

We denote by O the topological closed disc D' L) D. Observe that O is also equal to 
Ra{D) U Ra{D'). Unless q = q' = 1 (and in this case the proposition will hold trivially 
from the step 1 below), O is a topological closed disc. The interior of O is disjoint from 
its first (min(g, q') — 1) backward iterates under R^. The boundary of O (as a topological 
manifold) is a simple closed curve C, and we have 

C7 = i?^(7o)Ui2^'(7o)UC+UC^, 

where C~ = 7r([g'a — p' , qa — p] x {0}) and C'^ = TT{[q'a — p' , qa — p] x {1}). 

In order to compare the metrics on the topological disc O and the Euclidean disc B, we 
introduce a homeomorphism ip : 1} ^ O: first, we note that O is isometric to a Euclidean 
rectangle in M?, centered at (0, 0), with lengths a, b g]0, 1]; then, we define tp as follows: 



Y^x^ + y2 / ax by 



max(|x[, \y\) \ 2 ' 2 

A rough estimate shows that 

Vz,z'gB, do{^{z),^{z')) <2dn{z,z'), (3) 

where do and dp are the usual Euclidean distances on O and B. Therefore one can easily 
transpose the result of corollarv 15.31 concerning the metric space Homeo(B), to the space 
Homeo(O) of homeomorphisms of O isotopic to the identity endowed with the metric 
induced by the Euclidean metric on O: 

Remark 5.6. The statement in corollary \5.,S\ still holds if we replace the metric space 
Homeo(B, ai U 02) by the metric space Homeo(0, Raijo) U Ra (70)) of homeomorphisms 
of O which are the identity on R^^-jq) Ui?a(7o), provided that we allow N to be less than 
2(f + 5). 

Actually, we will cheat a little bit more by applying this remark to R~^{0) : note that 
this is all right since Ra is an isometry. 



5.2.1 First step 

In this first step, we build a homeomorphism da : A ^ A, isotopic to the identity, such 
that the homeomorphism ha = aa o h o a^^ coincides with the rotation Ra on each arc 
R^ailo) withke{0,...,q + q' -2}. 

Applying the arc translation theorem 12.21 to the homeomorphism h, we obtain an 
essential simple arc 7 in A such that the q + q' — 1 first iterates of 7 under h are pairwise 
disjoint. Now, we consider a homeomorphism fXa : 7 — > 70 which maps the endpoint 
7 n c^+A (resp. 7 n d~A) on the endpoint 70 fl d^A (resp. 70 n d~^A). Since the first 
q + q' — 1 iterates of 7 are pairwise disjoint, we may first extend a a to the union of these 
iterates, deciding that on h^{'y), a a '■= Ra oo'al-yO . Now the key fact is that according 



20 



to proposition 14.11 the cychc order of the iterates of 7 under h is the same as for the 
iterates of 70 under Ra- Consequently, thanks to a repeated use of Schoenflies theorem 
(see for example CP), we may further extend aa to a homeomorphism of A (isotopic to 
the identity). For every k G {0, . . . ,q + q' — 2}, the arc h^{'-)) is mapped by a a on the arc 
i?^(7o), and the conjugate ha := (Ja ° h o cr^^ of h coincides with the rotation R^ on the 
arc i?^(7o). 

We note that, since the homeomorphisms ho a^^ and the translation coincide 
on the arc T'^(ro) for every A; € Z, we have 

d(CTa o /i o Ta) < 1. 

Hence, proposition 15. II alreadv holds if min(g, g') < 30. So, in the remainder of the proof, 
we shall assume that in.m(q, q') is bigger than 30. 

5.2.2 Second step 

In this second step, we build a homeomorphism ah € Homeo(A) which is isotopic to the 
identity, and such that the conjugate h^ := a^o haO cr^^ coincides with the rotation Ra 

everywhere except possibly on the topological disc O' := R~^{0) = R%~^{D) Ui?o~^(D'). 

According to the first step, for each k € {0, . . . ,q' — 1}, we have h^{D) = R^{D); on 
this disc, we let at := Ra ° h~^. We use the same formula on the disc h^{D') = R^[D') for 
each k € {0, . . . , g — 1}. Note that the intersection of any two such discs, if not empty, is 
an arc i?^(7o) with /c € {0, . . . , g + g' — 1}, and that on these arcs the map R^ o is the 
identity. Thus these formulae are coherent, and define a homeomorphism o";, of A isotopic 
to the identity. Now one easily checks that the homeomorphism /i^ defined as indicated 
above coincides with Ra on each disc R^{D) with k G {0, ... ,g' — 2} and R^{D') with 
k € {0, . . . , q — 2}. Using lemma 15.51 we see that the union of all these discs cover the 
whole annulus but the set O' , and thus the second step is complete. 

5.2.3 Last step 

We denote by s the minimum of q and q'. We consider the homeomorphism g of the 
topological disc O' defined hy g = o h^. Note that g is the identity on the bound- 
ary arcs Ra ^(70) and Ra ^(70)- Now we apply the results on decomposition of disc 
homeomorphisms: according to corollarv 15.31 and remark [5.61 we can write 

g = gN o ■ ■ ■ o gi 

where each gi is a homeomorphism of O' which is the identity on i?o~^(7o) U Ra~^{'yo), 
and which is e-close to the identity of O'. In applying this we choose e = ji^, so that 

6 

TV < 2(- + 5) < s - 2 

and one can check that e < — . 

— s 

Now for each A; G {1, . . . , N}, we define cJc on the disc R^{0') by the formula 

ac := Ra ° 9k ° ■ ■ ■ ° gi o h'^^. 

We also let Gc be equal to the identity on the remaining of the annulus A. It remains to 
check that these formulae are coherent, and that the homeomorphism he := fic o /i^ o 
is e-close to the identity. 
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Since N < s — 2, the discs Ra{0'), . . . {O') have their interiors pairwise disjoint; 
furthermore, the formulae defining Uc gives the identity on the boundary arcs ii^(7o) of 
these discs. This proves that cJc is a weh-defined homeomorphism of O' . 

Now observe first that o"c is equal to ogo/i~^ on the disc R^ {O'). Since N < s — 1, 
we have = R^ o g on O' (according to the second step). This shows that cJc is the 
identity on R^{0'). 

For A; G {0,... - 1}, one can check that the homeomorphism Hq is equal to Ra ^ 
(i?^ o Qk+i o Ra^) on the disc R^{0'). Since gu+i is e-close to the identity, and since R^ is 
an isometry, we get that he is e-close to Ra on this disc. Moreover, the homeomorphisms 
hh and he coincide on E := K \ {J^IIq R^{0'), since cJc = Id on R^ (O'). According to the 
second step, this proves that he is equal to Ra on the set E. Thus the proof of the last 
step is complete. 

6 Proof of corollary 11.31 

As stated in the introduction, corollarv 11.81 relies on theorem 11.11 and on a generalization 
of Poincare-Birkhoff theorem obtained by Bonatti and Guillou. Let us first recall the 
statement of Bonatti-Guillou's result: 

Theorem 6.1 ([5j). Let h be a homeomorphism of the annulus A, which is isotopic to 
the identity. Assume that h does not have any fixed point. Then: 

(i) either there exists a non-homotopically trivial simple closed curve in A, which is disjoint 
from its image under h, 

(a) or there exists an essential simple arc in A which is disjoint from its image under h. 

To prove corollarv 11.21 we also need two technical lemmas: 

Lemma 6.2. Let h be a homeomorphism of the annulus A, which is isotopic to the identity. 
Assume that h does not have any fixed point. Assume that there exists a positive integer 
p, and a non-homotopically trivial simple closed curve a in A which is disjoint from its 
image under W . Then there exists a non-homotopically trivial simple closed curve a in A 
which is disjoint from its image under h. 

Sketch of the proof. We use the same kind of arguments as in the beginning of section |31 
For every non-homotopically trivial simple closed curve a in A, we denote by B{a) the 
closure of the connected component of A \ u which is "below o"" (that is, which contains 
SS^ X {0}). Given two non-homotopically trivial simple closed curves ai and a2 in A, the 
boundary of the connected component of (A \ B{ai)) n (A \ B{a2)) containing SS^ x {1} 
is a non-homotopically trivial simple closed curve, that we denote by ai V a2 (the proof is 
the same as for lemma 12121) • 

Now, we consider the integer p and the curve a given in the hypothesis of lemma 
We consider the non-homotopically trivial simple closed curve 

a := a\/ h{a) V • • • V hP{a). 

The same arguments as in the beginning of the proof of proposition 13.11 show that Bia) 
is an attractor for h {i.e. the image of Bia) under h is included B{a)). Finally, using the 
same arguments as in the proof of lemma 13.51 we can perturb the curve a in such a way 
that B{a) becomes a strict attractor for h (i.e. in such a way that, after the perturbation, 
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the image of B{a) under h is included in the interior of B(a)). In particular, we obtain 
a non-homotopically trivial simple closed curve a which is disjoint from its image under 

h. □ 

Lemma 6.3. Let h be a homeomorphism of the annulus A, which is isotopic to the identity. 
Assume that h does not have any fixed point. Assume moreover that there exists an 
essential simple arc j in A which is disjoint from its image under h. Then, for every lift 
h of h, the rotation set of h is disjoint from Z. 

Proof. Let us consider a lift h oi h and an essential simple arc F in A which is a lift of 7. 
By changing the lift /i, it is sufficient to prove that is not contained in the rotation set 
oih. 

Our assumption on 7 implies that F is disjoint from its image under h. We will suppose 
for instance that T fi R{h{T)) = 0. This implies that R(T) is a strict attractor for h. The 
same is true for R[T{r)). 

Recall that A is the_^band M X [0, 1]. We define a symmetry x of by y) = {x,—y). 
One can then extend h to an orientation-preserving homeomorphism h' of by setting 
for any (x, y) G A and n ^"L: 

• h'{x,-y) = xih{x,y)); 

• h'{x, y + 2n) = h'{x, y) + (0, 2n). 

Like /i, the homeomorphisms h and h' do not have any fixed point. Brouwer's theory 
on homeomorphisms of the plane asserts that any orbit of h' goes to infinity in R'^ (see 
[S]). Let us consider any point zq G R(X)- The second coordinate of the orbit of zq by h 
remains in [0, 1]. Since the orbit of zq is the same by h and by h' , the modulus of the first 
coordinate along the positive orbit of zq by h must take arbitrarily large values. Using the 
fact that RiT) is an attractor, we deduce that the first coordinate along the positive orbit 
of Zq is bounded from below and is not bounded from above. Hence, there exists n(zo) > 
such that /i"(^o)(zo) E R{T{T)). Since R{T{T)) is an attractor, any iterate h'^{zo) with 
n > n(zo) belongs to R{T(T)). 

Note that since -R(r(r)) is a strict attractor, for any z' close to zq and any n > 
n{zo), the iterate h^{z') belongs to R{T{T)). By compacity of the square Q = -R(r) \ 
Int(i?(r(r))), there exists some integer no > 1 such that for any point z & Q and any 
n > no, the iterate h"'{z) belongs to R{T{T)). 

Since h and T commute and since R{T) \ R{T{T)) C Q is a fundamental domain for 
the covering A — A, one deduces that the rotation set of h is included in [;^,+oo[ and 
does not contained 0. This concludes the proof. □ 

Now, we are ready to prove corollarv 11.21 

Proof of corollaru M.^ Let /i be a homeomorphism as in the statement of corollarv ll.2| 

i. e. a homeomorphism of the annulus A, which is isotopic to the identity, and which does 
not have periodic point. Let /i : A — > A be a lift of h. 

First case. If there exists a non-homotopically trivial simple closed curve in A which is 
disjoint from its image under /i, then we are done. 

Second case. Now, we assume that there does not exist any non-homotopically trivial 
simple closed curve in A which is disjoint from its image under h. In order to apply 
theorem ll.ll we have to prove that h is an irrational pseudo-rotation. Let p be an integer. 
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Since h does not have any periodic point, the homeomorphism W does not any fixed point. 
So we can apply theorem l6.1l to the homeomorphism /i^. Moreover, lemma EIH implies that 
there does not exist any non-homotopically simple closed curve in A which is disjoint from 
its image under . Hence, theorem 16.11 provides us with an essential simple closed arc in 
A which is disjoint from its image under W . Then, using lemma ESI we obtain that the 
rotation set of the homeomorphism is disjoint from Z. Equivalently (see lemma [23)) 
the rotation set of h is disjoint from ^.Z. So, we have proved that, for every p G Z, the 

rotation set of h is disjoint from ^.Z. Since the rotation set of h is an interval, this implies 
that it is a single irrational number; in other words, h is an irrational pseudo-rotation. 
Then, for every n G N, theorem 11.11 provides us with an essential simple arc 7„,, such that 
the arcs 7„,, /i(7n), • • • , h^i'^n) are pairwise disjoint. □ 



A Some elementary properties of Farey intervals 
A.l Farey intervals and rotations 



Let us fix a Farey interval / = j 



2 2. 

9' q' 



We choose a number a in I. In this subsection, 

we prove that the cyclic order of the q + q' — \ first iterates of any orbit under the circle 
rotation of angle a does not depend on the choice of a in / (proposition A. 2 below). 



Lemma A.l. For every k G {1, . . . ,q + q' — 1}, the interval 
any integer. 



does not contain 



Proof. Let /c be a positive integer such that the interval ]kp/q, kp' /q'[ contains an integer 
i. Then the rational number d/k is in the Farey interval ]p/ q,p' / q'[- Let us write p' /q' — 
p/q = {p'/q' ~ ^/fe) + (^/fc ~ p/q)j we have i/k — p/q = {iq — kp)/{kq) > l/{kq) and 
p'/q' — i/k = {p'k — q'()/{kq') > l/{kq'). Besides, since ]p/ q-,p' / q'[ is a Farey interval, we 
have p'/q' —p/q = l/{qq'). Putting everything together, we obtain l/{kq) + l/{kq') < 
l/{qq') which is equivalent to k > q + q' . □ 

Lemma I A . 1 1 implies that, for every k G {1, . . . , q + q' — 1} , there exists a unique integer 
Uk € Z, such that the interval ] k.^ — Uk, k.^ — nfc[ is included in ]0, 1[. Given a number a 
in the Farey interval /, and an integer k £ {1, . . . ,q + q' — 1}, we set ak ■= ka — n^. We 
can now prove the announced result: 

Proposition A. 2. The order of the numbers ai, . . . ,ag+g'_i in ]0, 1[ does not depend on 
the choice of a in the Farey interval I. 

Proof. Let ki and k2 be two integers in {1, . . . ,q + q' — 1}, with ki ^ k2. Then, using 
lemma lA.ll we see that the difference — ctfci is never null if a is in /. Since this 
quantity depends continuously on a, its sign does not depend on the choice of a in I. This 
completes the proof. □ 

A. 2 Farey intervals and rational approximations 

It is well-known that any Farey interval / = ]p/q,p' /q'[ is associated with a finite sequence 
of rational numbers ( — ) which satisfies the following properties: 

V'?"/ l<n<no 

• ^ and = TT + ^ are two consecutive integers; 

qi 92 qi o 1 
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• For any 2 < n < uq — 1, there exists fln+i G N \ {0} such that 

Pn+l = an+lPn + Pn-1 and Qn+l = ttn+lQu + Qn-i; (4) 

• and are the two endpoints of the Farey interval /, that is 



p 


p' 




Pno~l 


Pno 


or 


p p' 




Pno 


Pno-1 
















q 


q' 




qno-1 


qno 




1 1 

q q' 






Qno- 1 



The rational numbers . . . , are the common Farey approximations of the elements 
of the interval /. 

Remark A. 3. It is convenient to add to the sequence {{pn, Qn), ^ ^ n < uq} a first term 
(PO;9o) = (1)0) so that ^ holds also with n = 1 and 02 = 1. 

A. 3 Iterates of essential simple arcs: proof of proposition 14. ll 

In order to prove proposition 14. H the main task is to show that all the iterates of the arc 
F involved in the statement are disjoint from F. To prove this point, we will also need to 
collect some information about their order (but not all the information): this programme 
is realized by lemmas IA.4I and IA.61 Actually, the whole result concerning the order will 
follow easily from the disjointness. 

We use the relation "Fi < F2" introduced at the beginning of section E?T1 We assume 
that we are given a homeomorphism h : A ^ A isotopic to the identity, a lift h : A ^ A 
of h, an essential simple arc F in A, and a Farey interval / = ]p/q,p' /q'[ such that 
T-P' o /^^'(F) < F < T-P ohi{T). We have to prove that the arcs T''^ oh''{T) for k G 
{0, . . . ,q + q' — 1} and ^ E Z are pairwise disjoint, and ordered as the lifts of the first 
iterates of a vertical segment under the rotation for any a &]p/q,p' /q'[- The proof 
relies on some arithmetical properties of Farey intervals, and on the fact that T and h 
commute. Let us first introduce some notations: 

• For every {£, k) el?, we denote by T{1, k) the curve T ^ o h^(T). 

• We denote by . . . , (with pi A qi = 1) the common Farey approximations of 
the elements of the interval / (see subsection IA.2|) . Moreover, we set po := 1 and 
qo := 0. 

• For < n < 77-0, we denote by hn the map T~P" o /i'". 

• Given three essential simple arcs F,F',F", we shall say that F separates F' and T" , 
if these three arcs are disjoint and satisfy either F' < F < F" or F" < F < F'. 

We will use intensively the fact that if is a homeomorphism of A isotopic to the 
identity, then H "preserves inequalities": if Fi and F2 are two disjoint essential simple 
arcs in A, the following holds: 

Fi < F2 ^ HiTi) < H{r2). (5) 

This remark explains why the argument of the proof of the proposition will be essentially 
one-dimensional. 
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Lemma A. 4. For any n € {0, . . . , no — 1}, the arc T separates T{pn, Qn) and T{pn+i-, qn+i)- 
Furthermore, ifn^O, then T{pn+i, Qn+i) separates T and r(p„_i, g„_i). 

Remark A. 5. The order of the whole family of arcs involved in the lemma is the following 
(for simplicity, we assume that uq is even): 

T~^{T) = T{po,qo) < r(p2,g2) < • • • < T{pno,qno) < T 

r < r{pno-i,qno-i) < • • • < r(pi,gi) < T(r). 

Proof of lemma \A.4\ The proof is a decreasing induction on n. First, we observe that the 
arc r separates T{png-i, qno-i) and T{pno,qno) by assumption ^ in proposition 14.11 

Now, suppose that we have proven that the arc F separates the arcs T{pn,qn) and 
r{pn+i,qn+i) for some n < no- To fix ideas, we assume that 

hn{r) <r <hn+i{r). (6) 

The left "inequahty" imphes, using © and the transitivity of "<", that F < /i„''"+'(F). 
Since hn+i and /i„ commute, using again Q, we have 

hn+i{r) <h-''-+' oK+i{r). (7) 

By (0}, we have hn-i = hn"'"'^^ o hn+i- Hence, putting together © and 0, we get the 
desired inequahties: 

T{pn,qn) = hn{T) < F < hn+l(T) = T{pn+l,qn+l) < hn-l{T) = T{pn-l,qn-l)■ 
D 

Proof of remark 1^.51 The only inequality that is not contained in the lemma is the last 
one. But we have F(p2,'?2) < ^, and composing with T gives T{T{p2,q2)) < F; it remains 
to note that T(T(p2,q2)) = ^{pi,qi) (see subsection IA.2|) . □ 

Lemma A. 6. For every integer n G {0, . . . ,no — 1}, and every pair of integers (l, k) ^ 
(0, 0) with ^ G Z and A; € {0, . . . , g„ + qn+i — 1}; the arcs F and F(£, k) are disjoint. 

To avoid the multiplication of cases, we will use the notation F < F' to mean that 
F' C R{T) (remember that i?(F) denotes the closure of the connected component of A\F 
which is "on the right" of the arc F). 

Proof. We will actually prove the following statement : For n, i, k as in the lemma, the 
arc T{£,k) does not meet the open topological disc whose boundary in A is F(p„,g„) U 
T(j)n+i,qn+i)- This, together with lemma IX!4l implies the lemma. We proceed by induc- 
tion on n. 

The case n = comes from the inequalities r^^(F) < F < /ii(F) < T(T) extracted 
from remark IA.5I (note that qo + qi — 1 = 0). 

Now we assume that the statement holds for some integer n — 1 > 0. By lemma lA.41 we 
may assume for instance that F(p„, qn) < F < T{pn-i,qn-i)- Note that this in turn implies 
r(Pn! qn) < F < F(p„+i, qn+i) (using the same lemma). By the induction hypothesis, every 
arc F(f , k') with (f , k') / (0,0), f G Z and k' G {0, . . . ,g„_i + g„ - 1} satisfies either 
T{i',k') < T{pn,qn) or T{pn-i,qn-i) < F(f ,fc'). 

Let us consider some arc F(£, k) with {£, k) 7^ (0, 0), £ G Z and G {0, . . . , qn+qn+i — ^}- 
We have to prove that either T{i,k) < F(p„,g„) or F(p„_|_i, g„_|_i) < F(£, fc). According 
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to lemma IA.4| we have T{pn+i,qn+i) < ^{Pn-i,Qn-i)', combining this with our induction 
hypothesis solves the case k < Qn-i + Qn — ^■ 

We now suppose k > qn~i + q-n- Then we write k = sqn + k' with s G {1, . . . , a„+i} and 
A;' G {0, . . . , qn-i + q-n. — !}• Similarly, we write i = spn + i'- By the induction hypothesis, 
one of the three following cases holds: 

• {^',k') = (0,0). In this case, we have T{£,k) = T{spn, sqn) = ^^(T) < hn(T) = 
^{Pn,Qn) (the inequality comes from the hypothesis hn(T) < T using Q and the 
transitivity of <). 

• r(f , k') < r. In this case r{£, k) = K{T{e , k')) < hf,{T) and we conclude using the 
previous case. 

• r < T{£' , k'). In this case, using our induction hypothesis, we obtain r(p„_i, qn-i) < 
r{e',k'). It follows that 

T{pn+uqn+l)=hn-loC"+'{T) < K-l ohf,{T) 

(a) 

< K{T{i',k')) = T{e,k) 

where we used for (a) that /in(r) < T and s < a„+i and for (6) the above inequality. 
This completes the proof of the lemma. □ 

We now turn to the proof of proposition l4.1l Let us first prove that the arcs are disjoint 
(first item). For this it suffices to note that 

T{i, k) n r(/, k') = T^'h-^'{T{£ -£',k- k') n r) 

and to apply the last lemma (for n = tiq — 1). For the second item we note that T(i, k) < 
T{i', k') T{1 — £',k — k') < F. It is now sufficient to show that, for any k S {0, . . . ,q + 
q' — 1} and for any i, 

T-^ o (F) < F implies that 
F < T"^ o /i^(F) implies that 

Let us prove, for instance, the second implication. We suppose that F < r-^o/i'=(F). First 
note that by assumption we have T~^' o /i'^'(F) < F, so that ^7 7^ p This also implies that 
the rotation set of the map T^^' o h'^' is included in ] — cxd, 0], so that the rotation set of 
h is included in ] — cxd, ^] by lemma [2m Similarly, from the inequality F < o h^(T) 
we get that the rotation set of h is included in [|,+oo[. From all this we conclude that 
k^ — i > 0. Since the integer k is in {0, . . . ,q + q' — 1}, we get from lemma lA.ll that 
k^ — i > 0. This completes the proof of proposition 14.11 



k^-£<0, 
Q 

k--e>o. 
q 
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B The case of the torus 



In a way similar to section 12.21 the rotation set may be defined for a lift h of a torus 
homeomorphism that is isotopic to the identity. It is a convex compact set Rot(/i) of M^. 

We recall the statement of the theorem proved (for diffeomorphisms) by J. Kwapisz ([S]) 
on the torus, and explain how our methods work in this case. 

Theorem B.l. Let /i : ^ 6e a homeomorphism of the torus isotopic to the identity, 
and let /i : ^ be a lift of h. Assume that the rotation set of h is included in a Farey 
band ] |, ^7 [xM. Then there exists an essential simple closed curve 7 in the torus such 

that the curves 7, /i(7), . . . , h'^'^'^' ~^ {^) are pairwise disjoint. 

Here an essential simple closed curve is a topological circle in homotopic to the 
circle {0} x T"*^, and a Farey band is a band ] 2^ ^7 [xM where ] |, ^7 [ is a Farey interval. 

The proofs of the annulus case given in this paper work with very few changes in the 
torus setting. However they do not take place on the universal covering of the torus but 
on the intermediate covering M x SS^ SS^ x SS^ = T'^ . 

The essential simple arcs are replaced by the notion of essential simple closed curve 
in or M X SS^. Note also that the only information we need on the rotation set is its 
first projection pi(Rot(/)). This compact interval plays the role of the rotation set in the 
annulus case and has to be compared to the Farey intervals of M. 
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